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Solution to Problem Set 2

1. Let A=(0,2,3,3) and B = (1,—1,2,3) be two points in R?. Find the equation of straight line passing through
A and B express it in standard form.
Ans:
Note that /@ = (1,-3,—1,0) is a direction vector of the required straight line.
Therefore, the required equation is (z1, 22, x3,24) = (0,2, 3,3) + (1, —3,—1,0), where ¢t € R.
By eliminating ¢, we have
To—2 x3—3

T = 3 = 1 and T4 = 3.

2. Find the equation of the plane II containing the straight line

r—4 y—3 =z2+1
2 5 =2

L:

and the point P(2,—4,2).
Ans:

Note that Q(4,3,—1) is a point lying on L and hence on II, also a = (2,5,—2) is a direction vector of L.
Therefore, n = @ X a gives a normal vector of II and we have n = F@ xa=1i-2j—4k.

Therefore, the equation of the plane ITis x — 2y — 4z — 2 = 0.
3. Find the equation of the straight line given by the intersection of two planes Il; : + +y — z = 1 and Il :
T+ 2y+22=3.
Ans:
By eliminating x from the two given equations, we have y + 3z = 2.
Let z =t, where t € R. Then, we havey=2—-32=2—-3tandex=1—-y+2=1—-(2-3t) +t=—1+4¢.

Therefore, the parametric equation of the intersection of II; and Ils is given by (z,y,2) = (=1 + 4t,2 — 3t,t) =
(—1,2,0) +t(4,-3,1).

By eliminating the parameter t, we can get

4. Let I : 21 + 322 — 223 + 24 + 3 = 0 be an affine hyperplane and let P = (7,21, —7,3) be a point in R*.
(a) Find the projection @ of the point P on II.
(b) Find the image P’ of P under the reflection across II
(¢) Let L: (x1,xe,x3,24) = (7,21,—7,3) + (3,10, —4,4) for t € R, be a straight line passing though P. Find

the equation of the straight line L’ which is the reflection of L across II.

Ans:



(a)

Note that ]@ is parallel to the normal of II, so there exists ¢ € R such that ]@ =t(1,3,—2,1). Therefore,
Q= (7,21,—7,3) + (1,3, -2,1) = (T+ 1,21 + 3t, —7 — 2t,3 + 1).

Since @ lies on II, we have (7 +¢) +3(21 4+ 3t) — 2(—7 — 2t) + (3 +t) + 3 = 90 + 15t = 0. Then, we have
t=-6and Q= (1,3,5,-3).

Note that QP = PO = —6(1,3,-2,1) = (=6, —18,12, —6), so we have

P'=(1,3,5-3) + (—6,—18,12,—6) = (=5, —15,17, —9).

Let R = (7,21,-7,3) + ¢0(3,10,—4,4) = (7 + 3to, 21 + 10tg, —7 — 4tp, 3 + 4to) be the intersection point of
L and II, where ¢y € R. Then, (7 + 3tg) + 3(21 + 10tg) — 2(—7 — 4to) + (3 + 4to) + 3 = 90 + 45ty = 0.
Therefore, tg = —2 and R = (1,1, 1, —5).
Note that L’ passes through R and P—’J% = (6,16, —16,4) is a direction vector of L’. Therefore, the equation
of L' is

r1—1 xo2—1 x3—1 x4+5

6 16 —16 4

or simplified as

$1—1_$2—1_$3—1_$4+5
3 8 -8 27

5. Find the equation(s) of the plane(s) IT such that IT is parallel to the plane IT' : = + 2y — 2y + 3 = 0 and the

distance between the origin and II is 4 units.

Ans:

Since II is parallel to IT’, (1,2, —2) is a normal vector of II" as well as II.

Then, the equation of I is z 4+ 2y — 2y + D = 0, where D is a constant.

The distance between the origin and II = 4
(0) +2(0) —2(0)+ D

4
12 + 22 + (—2)2
|ID| = 12
D = =+£12

The equations of required planes are x + 2y — 2y + 12 =0 and z 4+ 2y — 2y — 12 = 0.

6. Let Lq :

(a)
(b)
()

2 -3
a:—?l)— :yTzz—QandLg:x—3:5—y=1—2betwostraightlinesin]R?’.

Prove that L and Lo intersect at a point and find the coordinates of that point.
Find the acute angle between L; and Ls.

Find the equation of the plane containing L; and Ls.

Ans:

(a)

Rewrite the equations of L; and Ls in parametric form:

Ly: (x,y,2) = (=2 + 35,3+ 45,2+ 3)
Ly : (x,y,2) =(34+t,5—t,1—1)
where s,t € R. Then, we have
—243s = 3+t
34+4s = H-—t
24s = 1—-t

By solving the above, we obtain s =1, ¢ = —2 and so L; and Ly intersect at (1,7, 3).



(b) Note that a; = (3,4,1) and ap = (1, —1,—1) are direction vectors of L; and Lo respectively.
a - ag

-2
Then, the angle between a; and as is cos ™! () =cos ! <) ~ 103°.
& ' ? lay [[a| V326 -/3
Therefore, the acute angle between Ly and Lo is 180° — 103° = 77°.

(¢) From (b),

i ] k
n—a;  xay=|3 4 1 |=-3i+4j— Tk
1 -1 -1

gives a normal of the required plane.

Let the equation of the required plane be —3x 4+ 4y — 7z + D = 0. Note that the intersection point (1,7, 3)
of L1 and Ly must lie on the plane, so D = —4.

Therefore, the equation of the plane containing L; and Ly is 3x — 4y + 72+ 4 = 0.

7. Let II be an affine hyperplane in R™ given by the equation Ajx; + Asxa + -+ + Apxy, + B = 0 and let
P(p1,p2,...,pn) be a fixed point.

Aipr +Aopa+ -+ Appn + B
VAZ LA A2 '

Show that the perpendicular distance between II and P is

Ans:

Note that n = (A1, As, ..., A,) is a normal of II. Let @ = (¢1,492,...,¢n) be a fixed point on II.
Since @ lies on II, we have A1q1 + A2ga + -+ Angn = —B.

Let 6 be the angle between 77 and Pﬁ Then, the perpendicular distance between II and P

— ||PG cost| = @Hmcose |Pd|

|

Ai(qr —p1) + Az(q2 — p2) + - + Ap(gn — Pn)
VAI+ AL+ A2

| Aipr + Aspa + -+ Appn + B
VAP + A2+ + A2
(Note: | — (A1pr + Aapa + -+ + Appp + B)| = [A1p1 + Aspa + -+ + Anpy + Bl.)

8. Suppose that II; : x+y+2z=1and Il : ¢ — y + 2 = 2 are two planes in R3.

(a) Show that the intersection of II; and Il is a straight line and find a parametric equation of that line.

(b) Find the equation(s) of the plane(s) containing all the points which are equidistant from IT; and IIs.

Ans:
(a) We have
r+y+z = 1
T—y+z = 2
r+y+z = 1
—2y =1

Then, we have y = —1/2. If we put y = —1/2 into the first equation, we have © + z = 3/2. Let z =t € R,
then z = 3/2 —t.

3
Therefore, (z,y,z) = (5

intersect at a straight line with a parametric equation (z,y, z) = (

1
—t, —5715) is an intersection point of II; and Il for any ¢t € R, i.e. II; and Il

—t,—=,

3~ b t), where t € R.



(b) Suppose that P = (z,y,2) is a point in R? such that the distance between P and II; and the distance

between P and Il are the same. Then, we have

r+y+z-—1 r—y+z—2
2112112 2+ (1) +12
r+y+z-1] = |z—y+z-2
r+y+z—1 = HHe—y+2-2)

The required planes are 2y = —1 and 2x + 2z = 3.
9. Let v : R — R? be a curve defined by 7(t) = (cos 2t — 1,sin 2t + 2).
(a) Write down an equation of v in z and y only. What is v?
(b) Find ~/(¢).
Ans:
(a) We have x = cos2t — 1 and y = sin 2t + 2. Then, z + 1 = cos 2t and y — 2 = sin 2¢, so
(z+1)% + (y — 2)% = cos? 2t +sin? 2t = 1.
Therefore, 7 is the circle centered at (—1,2) with radius 1.
(b) ¥/(t) = (—2sin2t,2 cos 2t).
10. Let v : R — R? be a curve defined by () = (4 cos 2t,9 sin 2t).
(a) Write down an equation of v in z and y only. What is v?
(b) Find ~/(¢).
Ans:

(a) We have x = 4cos2t and y = 9sin2¢. Then, x/4 = cos 2t and y/9 = sin 2t, so

1.2 2

T6+%=Cos22t+sin22t:1-

Therefore, 7 is the ellipse centered at (0,0) with semi-major and semi minor axes 9 and 4 respectively.
(b) ¥/(t) = (—8sin2t, 18 cos 2t).
11. Let a,b € R™. Parametrize the straight line v which passes through a and b.
Ans:
Let v : R — R™ defined by v(t) =a+t(b —a) = (1 — t)a+tb.

(In particular, we have v(0) = a and y(1) = b.)



12. Let v(t) = (ae~* cost,ae " sint) for t € R, where a,b > 0, which is called the logarithmic spiral.

y

(a) Show that as t — 400, (t) approaches the origin.
t
(b) Show that . liin / |7/(t)| dt is finite, that is v has finite arc length in [0, +00).
—+o0 Jg

Ans:

b

(a) By using sandwich theorem, it can be shown that . lim ae ®cost = lim ae *sint = 0 and the result

—+o0 t——+o00
follows.

(b)

+oo
/ \/(—abe_bt cost — ae~tsint)? + (—abe~t sint + ae—b cost)? di
0

+oo
/ ae /b2 4+ 1dt

+o0o
/0 (1) dt

0
_oavbi+1
=

which is finite.

13. In the following diagram, a circular disk of radius 1 in the plane xy rolls without slipping along the z-axis and

the curve is the locus of a fixed point on the circumference which is called a cycloid.

AN

(a) Give a parametrization of the cycloid.

(b) Find the arc length of the cycloid corresponding to a complete rotation of the disk.
Ans:

(a) v(t) = (t —sint,1 — cost) for t € R.



Arc length of the cycloid

S, ST, 5,

o

s

3

s

e
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V24 2costdt

/ t
4sin® = dt
Sin 2
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2sin — dt
sin



